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Abstract
Let X be a simply connected CW complex with ﬁnitely many cells in each degree. The ﬁrst part
of the paper is a report on the different conjectures for the behavior of the sequence rk i (X). In the
second part, we give conditions on the Lusternik–Schnirelmann category of X and on the depth of the
Lie algebra ∗(X) ⊗ Q that imply the exponential growth in k of the sequence∑di=1 rk k+i (X),
for some d.
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1. Introduction
Throughout this paper X will denote a 1-connected non-contractible CW complex X with
ﬁnitely many cells in each degree. Such a space has homotopy groups of the form
i (X) = ZiTi ,
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where Ti is ﬁnite abelian and i = rank i (X) is ﬁnite. While in general the i (X) can be
arbitrary, their ranks, rk i (X), satisfy remarkable regularity conditions when the rational
Lusternik–Schnirelmann category, cat0 X, is ﬁnite.
The LS category of X, catX, is the least m (or ∞) such that X is the union of m+ 1 open
sets, each contractible in X; cat0 X is the LS category of the rationalization X0 and satisﬁes
cat0 XcatX [1]. Both cat0 X and catX depend only on the homotopy type of X.
The spaces of LS category 1 are the co-H-spaces and a space has rational category 2
if and only if it has the rational homotopy type of the homotopy coﬁber of a map between
suspensions [2].
Suppose cat0 X<∞. The dichotomy theorem [3] asserts that either X is (rationally)
elliptic, that is dim ∗(X) ⊗ Q<∞, or the sequence∑ki=1 rk i (X) grows exponentially
in k. In this latter case X is called (rationally) hyperbolic.
The analysis of the behavior of the sequence rk i (X) begins with the observation that
i+1(X)i (X), X denoting the loop space of X. Moreover [4] LX = ∗(X) ⊗ Q
is naturally a graded Lie algebra whose universal enveloping algebra ULX is naturally
isomorphicwithH∗(X; Q).Thismakes it possible to useLie theoreticmethods to study the
sequence rk i (X), and two invariants that play an important role are the global dimension
and depth of a graded Lie algebra L:
gldimL = max{k |ExtkUL(k, k = 0}
and
depthL = min{k |ExtkUL(k, UL) = 0}.
It is trivial to see that depthLgldimL.
Now if depthLX =0 then LX is ﬁnite dimensional and concentrated in odd degrees. This
implies that the Sullivan model of X is a polynomial algebra with differential zero and so
H ∗(X; Q) is a polynomial algebra and cat0 X=∞. This is the simple part of the following
theorem [5], which is a key result in the analysis of the sequence rk i (X):
If cat0 X = m<∞, then
1depthLXcat0 X, and
If depth LX = cat0 X then
depthLX = gldimLX.
The notion of inert element has also played an important role in the study of the sequence
rk i (X). An element x in a graded Lie algebra, L, is inert if two conditions both hold:
• the ideal I generated by x is free as a graded Lie algebra, and
• the natural map U L/I → I/[I, I ],  →  · x, is an isomorphism.
Inert elements are studied in [6], where they are called strongly free, and in [7]. If x is
inert then as a graded vector space L is isomorphic to the free product of L/I with the free
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graded Lie algebra on the generator x. When L = LX and x ∈ (LX)n−1 corresponds to
 ∈ n(X), then x is inert if and only if
∗(X) ⊗ Q → ∗(X∪ en+1) ⊗ Q
is surjective [7].
The paper is organized as follows. First we survey different conjectures and results related
to the behavior of the sequence rk i (X). Then we add to previously known results by
proving the following theorem.
Theorem 1. Suppose X is a rationally hyperbolic simply connected CW complex with
ﬁnitely many cells in each degree. Assume
X = lim sup
k
log rk k+1(X)
k
<∞.
If either depthLX = 1 or depth LX = cat0 X then for some d,
d∑
j=1
rk k+j+1(X) = e(X+k)k, k1,
where k → 0 as k → ∞. In particular∑dj=1 rk k+j (X) grows exponentially in k.
As a consequence we deduce that the asymptotic formula in the theorem holds when:
X is a ‘non-trivial’ connected sum, or X = M\{pt} where M is a manifold whose rational
cohomology algebra is not simply generated, or X is a non-trivial wedge, or when cat0 X2
(a stronger result in these cases is due to Lambrechts [8] when H∗(X; Q) is ﬁnite dimen-
sional).
Theorem 1 follows from Lie algebra arguments below; in fact, the main ‘new’ ingredient
is the purely Lie theoretic.
Theorem 2. If L is an inﬁnite dimensional connected graded Lie algebra satisfying depth
L = 1, then some ideal I of ﬁnite codimension in L contains an element x that is inert in I.
2. The sequence rk i(X)
Recall that X denotes a 1-connected CW complex with ﬁnitely many cells in each degree.
Suppose that cat0 X<∞.
The elliptic case is well known:
• The rational cohomology of X is ﬁnite dimensional and satisﬁes Poincaré duality [9];
• all the possibilities for the (ﬁnite) sequence rk i (X) are given explicitly in [10];
• k(X) is a ﬁnite group for k2nwhere n is themaximumdegree such thatHn(X; Q) = 0
[10];
• ∑i (−1)i rk i (X)0 [9].
To be an elliptic space is thus exceptional: the ‘generic’ space is hyperbolic.
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However, whereas in the elliptic case all the possibilities for the integers i+1(X) are
known, such a goal seems completely beyond reach in the hyperbolic case. Instead the focus
has been on the growth of these integers. Recall that LX denotes the graded homotopy Lie
algebra ∗(X) ⊗ Q, so that dim (LX)k = rk k+1(X), and hence in the hyperbolic case∑
jk dim (LX)j grows exponentially in k.
Now for any inﬁnite dimensional graded vector space V, one measure of its size is its log
index, deﬁned as
log indexV = lim sup
k
log dim Vk
k
.
When V = LX we write log indexLX = X and call it the homotopy log index of X.
Note that if
∑
jk dim Vj grows exponentially in k it follows that log indexV > 0. Thus
this holds for LX if cat0 X is ﬁnite and X is hyperbolic: in this case
X > 0.
In fact a stronger result is known [3,11]:
If cat0 X = m and X is hyperbolic, then there is an inﬁnite sequence (qj ) such that
qj < qj+1(m + 1)qj and
rk qj+1(X) = dim (LX)qj = eqj (X+j ) with j → 0 as j → ∞.
This is obtained by calculations with Sullivan minimal models using the translation of
LS category into minimal models established in [4]. The sequence (qj ) is called a quasi-
geometric growth sequence for LX.
This result, however, gives very poor information about the individual integers rk i (X),
since the gap between qj and (m + 1)qj itself grows exponentially in j. On the other hand
for X = Sn+1 ∨ Sn+1 the integers rk i (X) are zero unless i ≡ 1 (mod n) [4]. Thus the
most that can be reasonably hoped for is information about the growth of the integers∑d
j=1 rk k+j+1(X) (or, equivalently for
∑d
j=1 dim (LX)k+j ) as a function of k, where d
is some ﬁxed integer.
Here the best result for all X with cat0 X<∞ states [12]
If cat0 X<∞ then for some ﬁxed d,∑dj=1 rk k+j+1(X) grows faster than any poly-
nomial in k.
Naturally, one would prefer to improve this to exponential growth, and here there are two
conjectures:
Conjecture A. If cat0 X = m and X is hyperbolic then for some ﬁxed d the integers∑d
j=1 rk k+j+1(X) grow exponentially in k.
An old conjecture of Avramov–Felix states that the rational homotopy Lie algebra of an
hyperbolic space of ﬁnite category contains always a free Lie algebra on two generators
[4]. This conjecture, which remains open, immediately implies conjecture A.
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Conjecture B. If cat0 X = m, X is hyperbolic, and X <∞ then for some ﬁxed d,
d∑
j=1
rk k+j+1(X) = ek(X+k) with k → 0 as k → ∞.
Two improvements can be made when H∗(X; Q) is assumed to be ﬁnite dimensional
and n is the maximum degree in which it is non-zero. (For instance when X is a ﬁnite
complex, n dim X.) First note that for general X of ﬁnite rational category the homotopy
log index X can be inﬁnite. Suppose for instance that X is a wedge of spheres consisting
of nn spheres in each degree n. Then rk n(X)nn. It follows trivially that X = ∞. The
hypothesis X <∞ will be necessary when we consider inﬁnite CW complexes with ﬁnite
LS category.
However, when H∗(X; Q) is ﬁnite dimensional a theorem ofAdams–Hilton [13] implies
that X <∞ as observed in the proof of Theorem 1 in [11].
Secondly, if H∗(X; Q) vanishes in degrees >n and if Conjecture B holds for X for some
d, it also holds for d = n − 1 as follows from an argument of Lambrechts [8].
Conjecture B has recently been established for the following cases:
• when gldim LX <∞ [14];
• when log indexQX < log indexLX, where QX = LX/[LX,LX] [11], thus in particular
when LX is ﬁnitely generated.
Here we establish it for the additional cases
• when X is a space of rational category 2;
• when LX contains an inert element;
• when depth LX = 1.
On the other hand, in [8], Lambrechts consider the following stronger formof convergence
for the ranks of the homotopy groups of a ﬁnite complex of dimension n.
Condition C. There exist constants A,B > 0 and an integer n such that for sufﬁciently
large k:
A
k
(
1
RX
)k

k+n−1∑
j=k
rk j (X)
B
k
(
1
RX
)k
,
where RX denotes the radius of convergence of the Poincaré series of X.
In [8] Lambrechts establishes Condition C for different families of spaces, and in
particular:
• When the series ∑p,q(−1)p(ExtpUL(k, k))q tq has a radius of convergence R strictly
larger than RX.
• For ﬁnite hyperbolic CW complexes of rational category 2.
• For connected sums of simply connected manifolds whose cohomology algebras are not
monogenic.
• For ﬁnite simply connected spaces X with an inert element in LX.
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3. Inert elements and the proof of Theorem 2
In this section we work over any ﬁeld k of characteristic = 2, and consider graded Lie
algebras L as deﬁned in [15]; in particular we suppose [x, [x, x]]=0, x ∈ Lodd, if char k=3.
L is connected and of ﬁnite type (a cft graded Lie algebra) if L= {Li}i1 and if each Li is
ﬁnite dimensional.
As recalled in the introduction, an element x in a cft graded Lie algebra is inert if the ideal
I ⊂ L generated by x is free as a graded Lie algebra and if I/[I, I ] is a free UL/I -module
on the single generator represented by x. (Many other characterizations are given in [16,6];
in [6] these elements are called strongly free.)
Lemma 1. Suppose W ⊂ V is a subspace of a graded vector space V such that log index
W = log indexV = <∞. If for some d,
d∑
j=1
dimWk+j = e(+	k)k, k0,
with 	k → 0 as k → ∞, then∑dj=1 dim Vk+j = e(+k)k, k0, with k → 0 as k → ∞.
Proof. Write
∑d
j=1 dim Vk+j=e(+k)k .Then	kk . Since=lim supk [(log dim Vk)/k],
lim supk k = 0. But 	k → 0 and so k → 0 as well. 
Lemma 2. Suppose L is a cft graded Lie algebra with ﬁnite log index . If L contains
an ideal I that is free as a graded Lie algebra and if log index I = log index L, then for
some d,
d∑
j=1
dimLk+j = e(+k)k, k0,
with k → 0 as k → ∞.
Proof. The ideal I has global dimension 1 because it is free, and so the formula holds with
I replacing L by the main theorem of [14]. Now apply the lemma. 
Proposition 1. If a cft graded Lie algebra L contains an inert element x and log index
L = <∞ then for some d,∑dj=1 dim Lk+j = e(+k)k with k → 0 as k → ∞.
Proof. The ideal I generated by x is free as a graded Lie algebra on a space isomorphic to
U(L/I) ⊗ kx. Thus,
log indexL = max(log index L/I, log index I ) = log index I .
Apply Lemma 2. 
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Given a cft graded Lie algebra, L, the augmentation  : UL → k deﬁnes a mor-
phism ∗ : ExtUL(k, UL) → ExtUL(k, k). This gives a pairing 〈 , 〉 : Ext1UL(k, UL) ×
TorUL1 (k, k) → k. Recall also that TorUL1 (k, k) = L/[L,L].
Proposition 2. Suppose in a cft graded Lie algebra L that an element x ∈ L satisﬁes
〈, [x]〉 = 1 for some  ∈ Ext1UL(k, UL), where x represents [x] ∈ TorUL1 (k, k). Then x is
inert. In particular, if ∗ = 0, then L contains an inert element.
Proof. Let P∗ → k be a UL-free resolution of the form
→
⊕
i0
ULwi → UL → k.
Then  may be represented by a UL-linear map f : ⊕i0 ULwi → UL satisfying
f (ker d) = 0.
Write x = d(∑ biwi). Then 1=〈, [x]〉= (∑ bif (wi)). It follows that some bi ·f (wi)
is a non-zero scalar and so, without loss of generality, we may assume b0 = f (w0) = 1.
Make a change of basis for
⊕
i0 ULwi as follows. First, set ui = wi − f (wi)w0, i1.
Then f (ui) = 0, i1. Next, write x = d(c0w0 +∑i1ciui), note that 1 = 〈, [x]〉 =
f (c0w0 +∑ ciui) = c0, and set u0 = w0 +∑ ciui . Our resolution thus has the form
⊕
i0
ULui
d−→ UL → k,
with du0 = x, f (u0) = 1 and f (ui) = 0, i1.
Denote by I ⊂ L the ideal generated by x. Since x together with the dui , i1, generates
UL, the images of the dui , i1, generateU(L/I). Thus we may writeUL=UI ⊗S where
the subspace S is contained in the subalgebra generated by the dui , i1.
Fix a basis aj , j0, of S with a0=1. Then, as an algebra, UI is generated by the elements
(ad aj )x. Thus if V is a graded vector space with basis vj and deg vj = deg aj + deg x then
the correspondence vj → (ad aj )x extends to a surjective morphism of graded algebras

 : T V → UI . To show that x is inert it is sufﬁcient (and necessary) to prove that 
 is an
isomorphism [16].
Let J be the ideal in UL generated by x, and let Jp = J • · · · • J be its pth power;
similarly let (UI)p+ be the pth power of the augmentation ideal of UI. It is immediate that
J = (UI)+ ⊗ S and, more generally, that
Jp = (UI)p+ ⊗ S, p1. (1)
Denote by T pV the pth tensor power of V. Then 
 : T pV → (UI)p+, and in particular
induces linear maps

(p) : T pV → (UI)p+/(UI)p+1+ .
We show by induction that each 
(p) is an isomorphism, which clearly implies that 
 is an
isomorphism.
Since the (ad aj )x generate UI, 
 maps T pV onto (UI)p+, and so each 
(p) is
surjective.
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We show that 
(p) is injective by induction: assume this is done for p − 1, and let
 ∈ ker 
(p). Then 
 ∈ (UI)p+1+ ⊂ Jp+1+ .
Write=∑j vj withj ∈ T p−1V . Then
=∑
j (ad aj )x. But for any a ∈ UL,
(ad a)x − ax ∈ UL · S+ + J 2.
(Indeed, for yi ∈ L, ad(y1 · · · yq)x−y1 · · · yqx ∈ ULx(UL)+ ⊂ UL.S+ +J 2.) Similarly,
Jp+1 = Jpx + Jp+1(UL)+ ⊂ Jpx + (UL)S+.
Since 
 ∈ Jp+1 we may use these relations to write∑

j · ajx ∈ Jpx + (UL)S+.
Thus in terms of the resolution of k we have for some 0 ∈ Jp and j ∈ UL, j1, that
d
⎡
⎣(∑
j · aj +0
)
u0 +
∑
j1
j uj
⎤
⎦= 0.
Since ker d ⊂ ker f and sincef (u0)=1,f (uj )=0, j1 it follows that∑
j aj+0=0;
Since 
(p − 1) is assumed to be an isomorphism it follows from (1) that

(p − 1) ⊗ id : T p−1V ⊗ S −→ Jp−1/Jp.
But0 ∈ Jp, and so (
(p−1)⊗id)(∑j ⊗aj )=0.Thus eachj =0 and=∑j aj =0
as well. But  was an arbitrary element in ker 
(p), and the proof is complete. 
Proof of Theorem 2. Let L be a cft graded Lie algebra of depth 1. The argument in [17]
provides an ideal I of ﬁnite codimension in L and elements x ∈ I ,  ∈ Ext1UI (k, UI) such
that 〈, [x]〉 = 1. Now Proposition 2 asserts that x is inert in I. 
4. Proof of Theorem 1; consequences
Theorem 3. Suppose X is a rationally hyperbolic simply connected CW complex with
ﬁnitely many cells in each degree. Assume the homotopy log index, X, is ﬁnite. If either
depth LX = 1 or depth LX = cat0 X, then for some d,
d∑
j=1
rk k+j+1(X) = e(X+k)k, k1,
where k → 0 as k → ∞. In particular,∑dj=1 rk k+j (X) grows exponentially in k.
Proof. If depthLX = 1 then by Theorem 2 LX contains an ideal I of ﬁnite codimen-
sion such that I has an inert element x. In this case the theorem follows at once from
Proposition 1.
On the other hand, if depth LX = cat0 X then LX has ﬁnite global dimension [5]. In this
case the theorem reduces to the main theorem of [14]. 
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Corollary. If X is a ﬁnite, rationally hyperbolic, simply connectedCWcomplex of dimension
n, then 0< X <∞ and, if depth LX = 1 or depth LX = cat0 X then
n−1∑
j=1
rk k+j (X) = e(X+k)k, k1,
where k → 0 as k → ∞.
Proof. The changes from Theorem 1 are that X <∞ is a conclusion rather then a hy-
pothesis, and that d is replaced by n − 1. The ﬁrst follows from [13] which proves that
H∗(X; Q)H(T V , d) where V is ﬁnite dimensional; the replacement of d by n− 1 is an
argument of Lambrechts in [8]. 
We conclude with the promised examples.
Example 1. Deleted manifolds: Let M be a closed simply connected n-manifold whose
cohomology algebra is not generated by a single generator, and put X = M − int(Dn),
whereDn is a small disk.According to [16], the boundary ofDn represents an inert element
in (LX)n−2. Thus Proposition 2 and the remarks following the statement of Conjecture B
combine to give
n−2∑
j=1
rk k+j (X) = e(X+k)k, k1,
where k → 0 as k → ∞.
Example 2. Connected sums M#N : If M and N are both simply connected n-manifolds,
neither of whose cohomology algebras is singly generated, then LM#N contains an inert
element [16]. Thus as in Example 1,
n−1∑
j=1
rk k+j (M#N) = e(M#N+k)k, k1,
where k → 0 as k → ∞.
Example 3. Wedges X ∨ Y : Suppose X and Y are simply connected CW complexes with
ﬁnitely many cells in each degree, and assume neither X nor Y is rationally equivalent to a
point. Then (as observed in [4, p. 462]), the inclusion X∨Y → X×Y induces a surjection
LX∨Y → LXLY whose kernel I is free as a graded Lie algebra and has the same log
index as LX∨Y . It follows from Lemma 2 that if X∨Y <∞, then for some d,
d∑
j=1
rk k+j (X ∨ Y ) = e(X∨Y+k)k, k1, with k → 0 as k → ∞.
Example 4. Spaces of rational LS category 2: Again let X be a simply connected CW
complex with ﬁnitely many cells in each degree, and satisfying X <∞. If cat0 X= 1 then
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LX is a free graded Lie algebra. If cat0 X = 2 either depth LX = 1 or depth LX = cat0 X.
In either case we have for some d that
d∑
j=1
rk k+j (X) = e(X+k)k, k1,
with k → 0 as k → ∞.
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